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Abstract
Let CR(X) denote, as usual, the Banach algebra of all real valued continuous functions on a
compact Hausdorff space X endowed with the supremum norm. We present an elementary proof
of the following extension result for CR(X):
For a given g ∈ CR(X) with zero set Zg and for the n-tuple (f1, . . . , fn) ∈ CnR (X) without
common zeros in Zg the following assertions are equivalent:
(i) The restriction tuple (f1, . . . , fn)|Zg has an extension to (F1, . . . , Fn) ∈ CnR (X) without
common zeros in X.
(ii) There exists an n-tuple (h1, . . . , hn) ∈ CnR (X) such that the n-tuple (f1 + h1g, . . . , fn +
hng) ∈ CnR (X) has no common zeros in X.
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Extension results have a long tradition in topology. We just mention the famous exten-
sion theorem of Tietze or the extension theorem of Borsuk, see [2, Theorem 5.1, p. 346].
From the book by Hurewicz and Wallman we quote the following remarkable theorem,
see [3, Theorem VI.12, p. 99], where Sn−1 denotes the unit sphere in Rn:
Let X be a compact subset of Rn and C a closed subset of X . In order that there
exists a mapping f of C in Sn−1 which cannot be extended over X , it is necessary
and sufficient that there exists a nonempty open subset of Rn which is contained in
X \ C while its boundary is contained in C.
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Due to the fact that in Rn any compact set is the zero set Zg of a suitable continuous
function g we are able to add another characterization of zerofree continuous extension,
see Theorem 2. Moreover, in principle, the test works for any individual function, in
contrast to the theorems mentioned above.
Vasershtein relates condition (ii) above to questions of the dimension of the compact
Hausdorff space X and stability of the origin for certain n-tuples in CR(X), see [5,
Theorem 5, p. 104].
As usual, let Sn denote the n-dimensional unit sphere in Rn+1. For a compact Haus-
dorff space X let CR(X), respectively C(X), denote the algebra of real, respectively
complex, valued continuous functions on X . When given the supremum norm
‖f‖∞ := sup
{|f(x)|: x ∈ X}
it becomes a commutative Banach algebra with unit element. In particular, we are inter-
ested in the algebra Mn(CR(X)), respectively Mn(C(X)), of all n by n matrices with
entries from CR(X), respectively C(X).
For topological spaces Z, W the set of homotopy classes of continuous maps from Z
into W is denoted by [Z,W ]. To simplify notations we define Rm∗ := Rm \{(0, . . . , 0)}.
For a given function g ∈ C(X) with zero set Zg := {x ∈ X : g(x) = 0} let
ρg : [X,R2n∗ ]→ [Zg,R2n∗ ] denote the restriction mapping. Observe the bijection between
the homotopy classes [Z, S2n−1] and [Z,R2n∗ ] induced by the projection of R2n∗ into the
unit sphere S2n−1.
LetA denote a real or complex commutative Banach algebra with unit element denoted
by 1. The n-tuple (f1, . . . , fn) ∈ An is called unimodular if there exists an n-tuple
(α1, . . . , αn) ∈ An such that
∑n
j=1 αjfj = 1. The set of all unimodular n-tuples of An
is denoted by Un(A). The algebra Mn(A) of all n by n matrices with entries from A
becomes a (noncommutative) Banach algebra with unit element I for the Hilbert–Schmidt
norm:∥∥∥∥∥∥∥
 f11 · · · f1n..
.
.
.
.
.
.
.
fn1 · · · fnn

∥∥∥∥∥∥∥
HS
:=
{
n∑
j,k=1
‖fjk‖2
}1/2
.
Using the Cauchy–Schwartz inequality it is easy to see that this norm is submultiplicative:
For all A,B ∈Mn(A) we have
‖AB‖HS 6 ‖A‖HS‖B‖HS ,
see, for example, [4, p. 74ff]. Recall that for all matrices A ∈ Mn(A) satisfying ‖I +
A‖HS < 1 there exists a logarithm H ∈Mn(A), that is, we have:
exp(H) = I +A.
The principal branch
H :=
∞∑
j=0
(−1)j
j + 1
Aj+1
will do [4, Theorem 3.4.4, p. 359].
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Corach and Surez in [1, Theorem 1.4, p. 3] proved a remarkable extension result for
complex Banach algebras A. After specializing to the algebra A := C(X) it reads as
follows:
Theorem 1. Let X denote a compact Hausdorff space. For a given g ∈ C(X) with
zero set Zg and for the n-tuple (f1, . . . , fn) ∈ CnR (X) without common zeros in Zg the
following assertions are equivalent:
(i) The homotopy class of the restriction tuple (f1, . . . , fn)|Zg belongs to the image
of ρg :
[
X,R2n∗
]→ [Zg,R2n∗ ] .
(ii) There exists an n-tuple (h1, . . . , hn) ∈ Cn(X) such that the n-tuple (f1 + h1g,
. . . , fn + hng) ∈ Cn(X) has no common zeros in X .
The purpose of this note is twofold. First of all we prove that the result holds true
(with obvious modifications) for the real algebra CR(X). The transition from the real
to the complex case is then easy enough. But even in the complex case we give a new
proof independent of the Arens–Taylor–Novodvorski theory for Banach algebras used by
Corach and Surez in [1]. We now prove our main result:
Theorem 2. Let X denote a compact Hausdorff space. For a given g ∈ CR(X) with
zero set Zg and for the n-tuple (f1, . . . , fn) ∈ CnR (X) without common zeros in Zg the
following assertions are equivalent:
(i) The restriction tuple (f1, . . . , fn)|Zg has an extension to (F1, . . . , Fn) ∈ CnR (X)
without common zeros in X .
(ii) There exists an n-tuple (h1, . . . , hn) ∈ CnR (X) such that the n-tuple (f1 + h1g,
. . . , fn + hng) ∈ CnR (X) has no common zeros in X .
Proof. (i)⇒ (ii) We consider the level set Zδ := {x ∈ X : |g(x)| 6 δ}. Because all
functions Fj − fj vanish identically on the zero set Zg there exists for a given ε > 0 a
δ(ε) > 0 such that
n∑
j=1
‖Fj − fj‖2δ(ε) < ε,
where we abbreviated the supremum norm in CR(Zδ(ε)) by ‖ · ‖δ(ε):
If there is no such δ(ε) we would have a sequence (xn) ⊂ X such that |g(xn)| 6 1/n
and, say, |F1(xn)− f1(xn)|2 > ε0 > 0. But the compactness of X forces the elementary
filter F of the sequence (xn), whose basis is given by B := {Bn: n ∈ N}, where
Bn := {xk: k > n} to have an adherence point x ∈ X , that is x ∈
⋂{
Bn: n ∈ N
}
.
Using continuity of the functions involved we easily obtain the contradiction g(x) = 0
and |F1(x) − f1(x)|2 > ε0. By assumption the functions fj , j = 1, . . . , n, have no
common zeros in Zg . Hence there exists a positive number δ1 such that:
n∑
j=1
fj(x)
2 + |g(x)| > δ1 (x ∈ X).
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Claim. There exist δ0 < δ1/2 and a matrix H ∈Mn(CR(Zδ0)) such that:
exp
(
H(x)
)

f1(x)
.
.
.
fn(x)
 =

F1(x)
.
.
.
Fn(x)
 (x ∈ Zδ0).
To this end we look for a matrix ∆ ∈Mn(CR(Zδ(ε))) satisfying:
∆

f1(x)
.
.
.
fn(x)
 =

F1(x)− f1(x)
.
.
.
Fn(x)− fn(x)
 (x ∈ Zδ(ε))
and
‖∆‖δ(ε) < 1,
where we abbreviated the Hilbert–Schmidt norm for the algebra Mn(CR(Zδ(ε))) by
‖ · ‖δ(ε). From the introduction it follows that I +∆ = exp(H).
We define the following functions:
αj :=
fj∑n
k=1 f
2
k
∈ CR(Zδ1/2).
Obviously we have
α1(x)f1(x) + · · ·+ αn(x)fn(x) = 1 (x ∈ Zδ1/2).
(Remember that for the nominator ∑nk=1 f 2k(x) > δ1/2 holds for all x ∈ Zδ1/2.) Since
the supremum norm of CR(Zδ) is monotonically increasing in δ we clearly have
‖αj‖2δ 6
(
2
δ1
‖fj‖δ
)2
6
(
2
δ1
‖fj‖δ1/2
)2
6 C
for all δ 6 δ1/2, j = 1, . . . , n. The matrix we are looking for is given by
∆ :=
 α1(F1 − f1) · · · αn(F1 − f1)..
.
.
.
.
.
.
.
α1(Fn − fn) · · · αn(Fn − fn)
 .
Using the submultiplicativity of the norm we estimate
‖∆‖2δ 6
(
n∑
j=1
‖αj‖2δ
)(
n∑
j=1
‖Fj − fj‖2δ
)
< nCε,
hence the norm of ∆ is less than 1 for δ0 := min{δ1/2, δ(1/Cn)}.
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Extending the matrix function H continuously from Zδ0 to X we are able to define
the following functions:

h1(x)
.
.
.
hn(x)
 :=

1
g(x)


F1(x)
.
.
.
Fn(x)
− exp(H(x))

f1(x)
.
.
.
fn(x)

 |g(x)| > δ0/2,

0
.
.
.
0
 |g(x)| 6 δ0/2.
Using the definition of the matrix function H it is easy to see that all functions hj are
continuous on X . We conclude that
f1
.
.
.
fn
+ exp(−H)

h1
.
.
.
hn
 g = exp(−H)

F1
.
.
.
Fn
 ,
which was the assertion.
(ii) ⇒ (i) Just take the functions Fj := fj + hjg ∈ CR(X), j = 1, . . . , n. 2
Corollary 3. Let X denote a compact Hausdorff space. For a given g ∈ CR(X) with
zero set Zg and for the n-tuple (f1, . . . , fn) ∈ CnR (X) without common zeros in Zg the
following assertions are equivalent:
(i) The homotopy class of the restriction tuple (f1, . . . , fn)|Zg belongs to the image
of ρg :
[
X,Rn∗
]→ [Zg,Rn∗ ] .
(ii) There exists an n-tuple (h1, . . . , hn) ∈ CnR (X) such that the n-tuple (f1 + h1g,
. . . , fn + hng) ∈ CnR (X) has no common zeros in X .
Proof. The assertions (i) in the corollary and Theorem 2 are equivalent: Recall from the
theorem of Borsuk, see [2, Theorem 5.1, p. 346] that a zerofree continuous extension
onto X either exists for all or for no representant of a homotopy class in
[
Zg,Rn∗
]
. 2
We want to outline the underlying principle in Theorem 2. It is valid in the general
frame of Banach algebras mentioned in the beginning.
Theorem 4. Let A denote a real or complex commutative Banach algebra with unit
element 1 and assume that (f1, . . . , fn) ∈ Un(A). Then there exists ε > 0 such that the
following is true:
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For each (F1, . . . , Fn) ∈ An satisfying
∑n
j=1 ‖Fj − fj‖2 < ε there exists a matrix
H ∈Mn(A) such that:
exp(H)

f1
.
.
.
fn
 =

F1
.
.
.
Fn
 .
Proof. Again we look for ∆ ∈Mn(A) satisfying
(I +∆)

f1
.
.
.
fn
 =

F1
.
.
.
Fn

and ‖∆‖HS < 1. So we have
∆

f1
.
.
.
fn
 =

F1 − f1
.
.
.
Fn − fn
 .
Because (f1, . . . , fn) ∈ Un(A) we can choose α1, . . . , αn ∈ A such that
n∑
j=1
αjfj = 1.
Defining
∆ :=
 α1(F1 − f1) · · · αn(F1 − f1)..
.
.
.
.
.
.
.
α1(Fn − fn) · · · αn(Fn − fn)

we estimate the Hilbert–Schmidt norm of ∆ as follows:
‖∆‖HS 6
(
n∑
j=1
‖αj‖2
)(
n∑
j=1
‖Fj − fj‖2
)
< nCε,
where we abbreviated C := max{‖αj‖2: j = 1, . . . , n}, hence ε := 1/nC is sufficiently
small. 2
Corollary 5. Let A denote a real or complex commutative Banach algebra with unit
element 1 and (f1, . . . , fn) ∈ Un(A). Then the following representation holds for the
connected component H of (f1, . . . , fn) in Un(A):
H = exp
(
Mn(A)
)
(f1, . . . , fn)
t,
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where exp(Mn(A)) denotes the connected component of the unit element I in the Banach
algebra Mn(A), that is,
exp
(
Mn(A)
)
=
{
G ∈Mn(A): ∃H1, . . . ,HN ∈Mn(A): G =
N∏
j=1
exp(Hj)
}
,
where N ranges over N.
Proof. Let K denote the set of n-tuples on the right-hand side of the assertion. By
Theorem 4 it is open and closed in Un(A). Since (f1, . . . , fn) ∈ K it must coincide with
the connected component H . 2
With this corollary we are able to replace the theorem of Borsuk during the proof of
Corollary 3. We sketch the ideas:
Let J denote the closure of the principal ideal generated by g in CR(X). Looking
at the Banach algebra CR(X)/J we see that condition (ii) in the corollary is just the
statement (f1, . . . , fn) ∈ Un(CR(X)/J). Since homotopic n-tuples remain in the same
connected component, we are done modulo some minor difficulties arising from the fact
that J is the closure of the principal ideal generated by g. This difficulty is easily mended
by a straightforward approximation argument.
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